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Abstract: Physical model studies of hydraulic structures are often conducted by maintaining geometric similitude between the
model and prototype to account for the dominant gravity and inertia forces while other fluid forces are assumed negligible.
However, as the model size and/or the upstream total head decreases, other fluid forces can exceed negligible levels. This
phenomenon is referred to generally as size-scale effects and can be a source of error in predicting prototype flow behavior. To
investigate size-scale effects related to labyrinth weirs, several scaled models ranging in weir heights from 76 mm (0.25 ft) to 914
mm (3.0 ft) were investigated to assess differences among head-discharge relationships and nappe behavior. Criteria to avoid sizescale effects were determined to be dependent on the model size and tolerable error.
Keywords: Labyrinth weir, hydraulic modeling, scale effect, surface tension, viscosity.

1.

Introduction

Open channel flow behavior at hydraulic structures is primarily driven by gravity and inertia forces and is therefore
most often investigated with geometrically similar physical models and Froude similitude while other fluid forces
(e.g., viscous, surface tension, elastic) remain unscaled. This approach follows the recommended practice described
in literature such as Novak and Cabelcka (1981), Henderson (1966), and Ettema (2000). However, as the model size
decreases and/or the total head at the model scale decreases, other fluid forces can exceed negligible levels, resulting
in discrepancies between the laboratory- and prototype-scale behaviors. This phenomenon is referred to generally as
size-scale effects and can be a source of error in predicting prototype behavior.
While much research of size-scale effects exists for linear weirs [Rehbock (1909), Krischmer (1928), Dillmann (1933),
Sarginson (1972), Breitschnedier (1978), Johnson (1996), Hager and Schwalt (1994), Bollrich and Aigner (2000)],
size-scale effects with nonlinear weirs [labyrinth and piano key (PK) weirs] have received limited attention. Recent
studies related to PK weir size-scale effects include Cicero et al. (2011), Machiels (2012), Pfister et al. (2012), Pfister
et al. (2013), and Erpicum et al. (2016). Tullis et al. (2017) reported size-scale effect results for labyrinth weirs with
half-round crest shapes. In an effort to increase understanding of size-scale effects relative to the Tullis et al. (2017)
study, laboratory tests were also conducted with single-cycle, trapezoidal, 15º sidewall angle labyrinth weir models
with a quarter-round crest shapes at three different prototype-to-model length ratios, Lr. This paper presents
preliminary results for the three model scales and compares the results with the data from labyrinth weirs with halfround crests of similar size (six models total). The largest models, which featured a weir height of P = 914 mm (3 ft)
and a cycle width of Wu = 2.4 m (8 ft), served as the prototypes for comparative purposes. The two scaled models
presented herein featured Lr = 3 and 12. Head-discharge data and nappe behavior for non-vented and vented conditions
were collected for each model for dimensionless head ratios of 0.01 ≤ HT/P ≤ 1.00. Discharge coefficients were
calculated to investigate size-scale effects in conjunction with an uncertainty analysis to quantify the confidence levels
of calculated discharge coefficients.

2.

Background

Size-scale effects in open channel flows at hydraulic structures are attributed to the inability to simultaneously
maintain geometric, kinematic, and dynamic similitude between a hydraulic model and prototype (Ettema 2000,
Pfister et al. 2013). Furthermore, the potential for size-scale effects increases as the Lr increases (i.e., decreasing model
size) due to a more dominant role of unscaled flow characteristics such as surface tension and viscosity.

Heller (2016) discussed the relationship of Reynolds number (R) scale effects in Froude modelling. Heller stated that
significant R scale effects can be excluded if a limiting R is exceeded which can be accomplished using the concepts
of self-similarity (SS) and Reynolds invariance (RI). SS is achieved when the spatial distribution of a flow
characteristic at different instances in time can be obtained from one another by similarity transformations. This is
useful in hydraulics because the collapse of data into dimensionless form can result in a single curve or surface.
However, because SS could be achieved with respect to time, velocity, or length, scale invariance may not necessarily
be attained. RI is achieved when the effect of kinematic viscosity becomes negligible. Common practices to achieve
RI include a limiting R or scale factor. Furthermore, RI implies scale invariance. Even if R scale effects are excluded,
scale effects from other force ratios (e.g., W) may still cause scale effects.
Structure-specific criteria such as a minimum head, model size, or dimensionless parameter (e.g., Weber number) to
avoid size-scale effects have been recommended; a selection of recommended minimum heads from literature specific
to weirs and rounded crests is summarized in Table 1.
Falvey (2002) stated that scale effects occur because of systematic errors related to surface tension. At relatively small
heads and low weirs, surface tension effects can be relatively large compared to inertial forces. Using the ratio of these
forces, namely the Weber number, W, Falvey suggested that errors predicting the prototype discharge coefficient were
large for W < 7. Below this value the nappe would cling to the downstream face of the weir and result in an artificial
increase in the discharge capacity. Therefore, Falvey recommended model weir heights of P ≥ 300 mm (0.98 ft) and
stated that even with P = 100 mm (0.33 ft) significant errors may occur for h/P < 0.3. To overcome errors related to
head measurement, Falvey recommended testing dimensionless heads of h/P > 0.2 but stated that for h/P < 0.3 the
model curves will over-predict the prototype discharge coefficients by more than 5%.
Crookston (2010) studied numerous labyrinth weir models to improve labyrinth weir design and analysis techniques
for practicing engineers and presented a curve fit equation, which considered crest shape and sidewall angle, α, to
estimate the discharge coefficient, Cd. Crookston stated that their curve fit equation was valid for 0.05 < HT/P < 0.9;
and was later validated for Cd up to HT/P = 2.1 for a 15° sidewall angle (Savage et al 2016). Crookston meticulously
noted nappe behavior during experiments and stated that for low heads (i.e., HT/P < 0.05) further investigations are
merited to quantify Cd.
Castro-Orgaz and Hager (2014) developed Eq. (1) to estimate Cd for rounded crests, which accounts for scale effects
that originate from viscosity and surface tension. The correction coefficients Co, Cσ, and Cν are a function of fluid
properties (surface tension, specific weight, and viscosity), geometric properties (crest radius), gravity, and driving
head. Their research indicated a minimum crest radius of R = 10 mm (0.03 ft) for laboratory experiments. They stated
that if 10 < R < 300 mm (0.03 < R < 0.98 ft) and specific energy head at weir crest (E) > 40 mm (0.13 ft) then the
predicted Cd from Eq. (1) would be free of significant scale effects. However, the physical meaning of the correction
coefficient of curvilinear flow, Co, in Eq. (1) ceases at E/R ≈ 3, so that is the adopted limit of Eq. (1).
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Curtis (2016) studied size-scale effects related to half- and quarter-round crested linear weirs by hydraulically testing
four geometrically similar models for each crest shape ranging in weir heights of P = 76 mm (0.25 ft) to 610 mm (2
ft). Their largest model was selected as their prototype to which all geometrically similar data was compared. Curtis
Table 1. Minimum heads recommended by previous researchers.
Reference

Minimum Head (mm)

Weir Type

Crest Shape

Crest Radius (mm)

Bollrich and Aigner (2000)

40-60

Linear

Cylindrical weir

Curtis (2016)

11-19

Linear

Half-round

5-38

Curtis (2016)

12-17

Linear

Quarter-round

5-38

Ettema (2000)

25

Overflow

Kirschmer (1928)

70

Linear

Cylindrical weir

46

Sarginson (1972)

50

Linear

Cylindrical weir

30

Table 2. Weir heights and corresponding minimum heads for non-vented linear weirs (Curtis 2016).
Total Head, Half-Round Crest

Total head, Quarter-Round Crest

Weir Height

Prototype

Model

Prototype

Model

(mm)

(mm)

(mm)

(mm)

(mm)

305

31

16

34

17

152

45

11

38

9

76

150

19

95

12

recommended the following criteria to avoid size-scale effects: model weir height of P ≥ 76 mm (0.25 ft) as the
discharge coefficient would be under-estimated; minimum heads for non-vented half- and quarter-round crest shapes
as shown in Table 2; and discharge coefficients for HT/P ≤ 0.2 should be published with uncertainty levels to avoid
misapplication of the results.

3.

Research Procedure

Research was conducted at the Utah Water Research Laboratory at Utah State University where labyrinth weir
models were hydraulically tested in a 0.9-m by 7.3-m (3-ft by 24-ft) flume, a 1.2-m by 14.6-m (4-ft by 48-ft) flume,
or a 2.4-m by 19.8-m (8-ft by 65-ft) flume, depending on the model size and available flow rates to maximize the
measured head-discharge relationship. Moveable guide walls were used to adjust the approach width to match the
weir width as necessary. Flow was routed to the 0.9-m and 1.2-m flumes via a constant head reservoir (i.e., First
Dam Reservoir, Logan, Utah) while flow to the 2.4-m flume was supplied by a recirculating pumping system.
Calibrated orifice plates and magnetic flowmeters were used for measuring discharge. Each flume had a horizontal
rolling carriage with an installed precision point gauge [readability ± 0.15 mm (0.0005 ft)] and a hydraulically
connected stilling well with a dedicated point gauge. Point gauges were used to establish a crest reference and
measure piezometric head in the stilling well. The stilling well tap in the flume was located a minimum of 4.7P
upstream of the model to prevent drawdown effects and the straight approach length of the flume was a minimum of
9P to achieve uniform flow. All flumes featured baffle walls between the head box and test flume to dissipate
turbulence; floating wave suppressors were used to reduce surface wave action. These inflow conditioning devices
were not altered during testing; however, turbulence levels increased as flow rates increased as determined by visual
inspection. Specific approach flow turbulence levels were not determined during testing.
The salient dimensions, fabrication material, and corresponding test flume of each model are listed in Table 3. All
models featured N = 1 and α = 15º, and were tested in the inverse orientation. The largest model (P = 914 mm [3 ft])
acted as the prototype to which all data was compared. All models were installed in the appropriate flume with the
orientation angle of weir to approach flow (β) = 0º and crest elevations were surveyed at 5 to 20 locations, depending
on the model size, to ensure levelness of ± 0.40 mm (1/64 in) along the crest length.
Before establishing a crest reference and collecting data, flow supply lines were opened to allow a flow velocity of at
least 0.91 m/s (3 ft/s) to void the supply line of air and ensure acceptable uncertainties in flow measurement (± 0.25%).
Additionally, a minimum of 30 minutes of water flowing through the flume was used to establish thermal equilibrium
prior to determining crest reference elevations. Piezometric head measurements upstream of the weir were added with
the corresponding velocity head at the same location to determine the total head (HT = h + V2/2g).
Head-discharge data were collected for 0.01 ≤ HT/P ≤1.00, when possible; available flow rates limited data of the P =
914 mm (3.0 ft) model to HT/P ≤ 0.35. The greatest number of data points were collected for HT/P ≤ 0.20 to better
establish the head-discharge relationship where size-scale effects were expected to exist and where the greatest rate
of change of Cd as a function of HT/P occurred. Cd values were calculated using a standard of the weir equation, Eq.
(2). Additionally, nappe behavior was documented and classified as clinging, aerated, partially aerated, or drowned
(Crookston and Tullis 2013).
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Table 3. Labyrinth weir models tested.

Lr

P

W

Lc

B

ts

Material

Flume

()

(mm)

(m)

(m)

(m)

(mm)

()

(m)

1

914

2.44

7.96

3.72

114

Steel

2.4

3

305

0.82

2.65

1.25

38

Acrylic

1.2

12

76

0.20

0.66

0.30

10

Acrylic

0.9

Figure 1. Uncertainty of Cd for half- (left) and quarter-round (right) crest shapes.
An uncertainty analysis (ASME 2006) was conducted to quantify the confidence level of calculated Cd values. The
percent error of Cd as a function of HT/P for half- and quarter-round crest shapes are shown in Figure 1. Several
uncertainty relationships were observed: the greatest uncertainty occurred at the smallest head values for each model
size; uncertainty decreased as head increased; uncertainty at a common HT/P decreased as model size increased (i.e.,
decreasing Lr); and uncertainty appeared to converge to a unique value for each model size as HT/P approached 1.00.

4.

Results

4.1. Head-Discharge
Head-discharge relationships for either crest shape essentially converged for HT/P > 0.30 as presented in Figure 2.
Below this value, divergence of calculated Cd values from the prototype (P = 914 mm [3.0 ft]) data occurred suggesting
size-scale effects. Minimum heads above which size-scale effects were negligible were estimated with an allowable
error of ± 5% of the prototype data. The dimensionless head-discharge relationships of the tested weir models for HT/P
≤ 0.30 and error bars of ± 5% of the prototype data are shown in Figure 3. The minimum HT/P values, corresponding
heads on the model, and equivalent prototype heads above which Cd of a particular model size was consistently within
± 5% of the prototype data are summarized in Table 4.
A constant minimum head to avoid size-scale effects was anticipated for each crest shape, independent of the model
size. For the quarter-round crest shape, minimum heads varied as much as 2 mm. For the half-round crest shape,
minimum heads varied as much as 8 mm with a smaller minimum head for the P = 76 mm model than the P = 305
mm model given the ± 5% allowable error of the prototype data. Percent differences of model and prototype Cd data
that were attributed to size-scale effects are shown in Figure 4 with maximum underestimations of half- and quarterround crest shapes estimated as much as 70% and 87%, respectively. For both crest shapes the most error occurred at
very small upstream heads. Furthermore, the low-head performance predictive errors increased with decreasing model
size (i.e., increasing Lr).

Figure 2. Half- (left) and quarter-round (right) dimensionless head-discharge relationships.

Figure 3. Half- (left) and quarter-round (right) dimensionless head-discharge relationships HT/P ≤ 0.30.

Figure 4. Cd percent difference between the models and prototypes.
Table 4. Labyrinth weir minimum heads.

Half-Round

Quarter-Round

(mm)

Minimum
HT/P
()

Model
HT
(mm)

Equivalent
Prototype HT
(mm)

Minimum
HT/P
()

Model
HT
(mm)

Equivalent
Prototype HT
(mm)

305

0.05

16

48

0.02

7

21

76

0.11

8

96

0.12

9

110

P

4.2. Nappe Behavior
Nappe behavior also varied by model size. The HT/P ranges observed for each nappe regime under non-vented
conditions are summarized in Table 5. The HT/P value at which the nappe detached from the weir crest (i.e., a transition
from clinging to aerated or partially aerated) increased as the model size decreased (i.e., increasing Lr) for both crest
shapes. This was attributed to the requirement of a greater relative energy and associated relative momentum to
overcome the more dominant surface tension and viscous forces at the smaller scale models. Subsequent nappe regime
transitions occurred at greater HT/P values as the model size decreased.
Figure 5 illustrates an instance when nappe behavior varied between model sizes at the same HT/P value. It can be
seen that for the half-round chest shapes at HT/P = 0.10 the nappe was clinging for the P = 305 mm (1.0 ft) model
whereas the nappe aerated for the P = 914 mm (3.0 ft) model. At some very low heads the full length of the weir crest
was not fully engaged and small streams of flow occurred at points along the weir crest and apexes. This variation of
clinging nappe behavior was most prevalent for the P = 76 mm (0.25 ft) model as it required the greatest relative
energy to overcome surface tension effects and fully engage the full length of the weir crest. Figure 6 shows the P =
76 mm (0.25 ft) and 305 mm (1.0 ft) models at HT/P = 0.05 where the P = 76 mm model had small streams of flow at
points along the crest whereas the P = 305 mm model had a fully engaged weir crest.
Table 5. Non-vented nappe regime HT/P ranges.

Half-round
P

Quarter-round

Clinging

Aerated

Partially
Aerated

Drowned

Clinging

Aerated

Partially
Aerated

Drowned

914

< 0.04

0.040.21

0.21-0.35

-

< 0.03

0.030.26

0.26-0.36

-

305

< 0.16

0.160.26

0.26-0.49

> 0.49

< 0.05

0.050.25

0.25-0.60

> 0.60

76

< 0.30

-

0.30-0.70

> 0.70

< 0.20

-

0.20-0.60

> 0.60

(mm)

Figure 5. Nappe comparison of half-round P = 305 mm (left) and 914 mm (right) models at HT/P = 0.10.

Figure 6. Nappe comparison of half-round P = 76 mm (left) and 305 mm (right) models at HT/P = 0.05.

Table 6. Vented HT/P point of aeration.

P (mm)

Half-round

Quarter-round

914

0.04

0.03

305

0.06

0.05

76

0.20

0.14

The HT/P values at which the nappe detached from the weir crest under vented conditions are summarized in Table 6.
Similar to non-vented conditions, the HT/P value at which the nappe detached from the weir crest increased as model
size decreased.

5.

Discussion

Falvey’s (2002) statement that for h/P < 0.3 the model curves will over-predict the prototype discharge coefficient by
more than 5% does not appear to correspond with the results of this research. While prototype data were not available
for comparison, the largest model size of P = 914 mm (3.0 ft) was assumed to approximate prototype behavior. When
over-prediction of the P = 914 mm model data did occur it was at or below 5%. On the other hand, Falvey’s statement
that even if a weir model with P = 100 mm (0.33 ft) were used, significant errors may occur for h/P < 0.3 somewhat
corresponded with the results of this research. Only the smallest model, P = 76 mm (0.25 ft), had P < 100 mm and
under-predicted the P = 914 mm model data by more than 5% for HT/P < 0.11.
Several recommendations have been made regarding a minimum Weber number to avoid size-scale effects,
specifically those related to surface tension effects. However, the characteristic length and velocity used to calculate
W are chosen at the discretion of the researcher. Falvey (2002) used Eq. (3) to calculate W and suggested that W < 7
produced large surface tension effects. Following this approach, the half-round prototype (P = 914 mm [3.0 ft]) data
was under-estimated by the P = 305 mm (1.0 ft) model for W < 4 and by the P = 76 mm (0.25 ft) model for W < 2.
Similarly, the quarter-round prototype data was under-estimated by the P = 305 mm and 76 mm model for W < 2.
Therefore, it is likely that a minimum Weber number to avoid size-scale effects is model-size dependent.
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The equation [Eq. (1)] developed by Castro-Orgaz and Hager (2014) to estimate Cd with respect to scale effects was
only applied to the two largest half-round weir models (P = 914 and 305 mm [3.0 and 1.0 ft]) to meet the limiting
radii of curvature (10 < R < 300 mm) and applicable crest shape. Results are shown in Figure 7. A visual inspection
of Figure 7 suggests that the Cd values estimated by Eq. (1) proved a good fit (± 5%) to the collected data for 0.5 <
E/R < 1.8 for either model size. However, using the recommended Emin > 40 mm (0.13 ft), the equation developed by
Castro-Orgaz and Hager only proved a good fit for 0.7 < E/R < 1.8 for the P = 914 mm (3.0 ft) model while the P =
305 mm (1.0 ft) model data was not estimated well (i.e., error > 5%). Given the limited range where Eq. (1) estimated
Cd of the tested models with reasonable accuracy, it appears that half-round labyrinth weir hydraulics may be outside
the scope of Eq. 1.
Curtis (2016), based on a study of size-scale effects related to linear weirs, recommended that P ≥ 76 mm (0.25 ft), a
conclusion that generally agrees with the results from this study. The application of data collected from such a small
model size may result in great under-estimations of the prototype head-discharge relationship for very low heads.
However, data from the P = 76 mm (0.25 ft) model were found to correspond with prototype data (P = 914 mm [3.0
ft]) for HT ≥ 8 mm (0.03 ft) and HT ≥ 9 mm (0.03 ft) for half- and quarter-round crest shapes, respectively, given a 5%
allowable error. The minimum head above which model data could be used to estimate prototype flow was dependent
on the allowable error, with greater allowable error decreasing the minimum head and lesser allowable error increasing
the minimum head.

Figure 7. Comparison to Castro-Orgaz and Hager (2014).

6.

Conclusion

Size-scale effects related to half- and quarter-round crested labyrinth weirs were researched by hydraulically testing
geometrically similar labyrinth weir models with weir heights of P = 76 mm (0.25 ft), 305 mm (1.0 ft), and 914 mm
(3.0 ft). The P = 914 mm weirs acted as prototypes to which all geometrically similar data were compared. Differences
among head-discharge relationships and nappe behavior were attributed to size-scale effects. Recommended minimum
heads to avoid size-scale effects related to head-discharge relationships had a range of 8-16 mm (0.03-0.05 ft) and 79 mm (0.03 ft) for half- and quarter-round crest shapes, respectively. However, the minimum head was dependent on
model size and was based upon an allowable error of ± 5% of the prototype data. If additional error can be tolerated
in predicting the prototype head-discharge relationship then minimum heads may be less. Other size-scale effects
included greater uncertainty at smaller model sizes and/or smaller heads, and differences among nappe behavior (e.g.,
point of aeration, fully engaged weir crest).
While the presence of size-scale effects can influence flow behavior, it does not necessarily discredit design methods.
Rather, the relationship of size-scale effects and uncertainty in predicting prototype flow behavior should be
considered when applying lab data to prototype design. If designing for low head applications then size-scale effects
are likely to play a greater role in design and should be taken into account. If designing for high head applications
(e.g., PMF) then size-scale effects are likely negligible; however, size-scale effects can still play a role with the leading
and trailing ends of the outflow hydrograph passing over the weir. This can be understood from an emergency
response viewpoint. If, for example, during a large storm event flow begins to spill over a labyrinth weir, an emergency
responder may need to estimate the flow rate as the outflow continues to increase. If using a head-discharge
relationship based on a model which was susceptible to size-scale effects then the emergency responder may not be
able to estimate the flow rate reasonably. This may result in adverse effects downstream well before the peak outflow.
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8.

Nomenclature

α

Sidewall angle [deg.]

B

Weir apron length [L]

β

Orientation angle of weir to approach flow [deg.]

Cd

Discharge coefficient [ ]

Co

Correction coefficient of curvilinear flow [ ]

Cσ

Correction coefficient of surface tension [ ]

Cν

Correction coefficient of viscosity [ ]

E

Specific energy head at weir crest [L]

g

Gravity [L/T2]

h

Piezometric head [L]

HT

Total head [L]

Lc

Weir crest length [L]

Lr

Length ratio [ ]

N

Number of weir cycles [ ]

P

Weir height [L]

Q

Volumetric flow rate [L3/T]

R

Reynolds number [ ]

R

Weir crest radius of curvature [L]

σ

Surface tension [F/L]

ts

Sidewall thickness [L]

V

Velocity [L/T]

W

Weber number []

Wu

Weir cycle width [L]
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